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Gradient index metamaterials
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Metamaterials—artificially structured materials with tailored electromagnetic response—can be designed to
have properties difficult or impossible to achieve with traditional materials fabrication methods. Here we
present a structured metamaterial, based on conducting split ring resof&®irg, which has an effective
index of refraction with a constant spatial gradient. We experimentally confirm the gradient by measuring the
deflection of a microwave beam by a planar slab of the composite metamaterial over a range of microwave
frequencies. The gradient index metamaterial may prove an advantageous alternative approach to the devel-
opment of gradient index lenses and similar optics, especially at higher frequencies. In particular, the gradient
index metamaterial we propose may be suited for terahertz applications, where the magnetic resonant response
of SRRs has recently been demonstrated.
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There have now been several demonstrations in which Fw?
electromagnetic material response—either previously unob- wlw)=1 1)

- 2 2 . i)
. e L A . - +
served or otherwise difficult to achieve in conventional ("= op) +ioy
materials—has been obtained in artificially structured mate-

rials [1-4]. These recent demonstrations have shown the pov_vhere w; is a resonant frequency determined by the SRR

tential of artificial materials, often referred to aswtamate- g%oF;neltry,y IS _theldamplng, an_tﬂi 'ﬁ the_fllllng factor. T_he
rials, to significantly extend the range of material properties, element is electromagnetically anisotropic, so that

enabling the potential for new physical and optical behaviortEq' (1) (/(\a/fers only tohthe< ﬁompﬂnenrt] of lthe permeab!ht)f{ Id
as well as unique electromagnetic devices. ensor. We assume throughout that the electromagnetic fie

An example of unusual metamaterial response can bgropqgates along trmxis(see Fig. ], the ?pp.”ed magnetic
found innegative index metamaterialwhich possess simul- leld liies along the SRRx) axis and electric field lies along
taneously negative permittivity) and permeabilitf ) over ey @xis in the SRR plane; in this configuration, only

a finite frequency band. The fundamental nature of negativélnd ey are relevant to the wave propagation characteristics.
refraction, hypothesized in 1968 by Veselads, has re-
vealed the key role that metamaterials can play in materials
physics, as negative index is a material property not avail-
able in previously existing materials.

The negative index metamaterials thus far demonstrated
have been formed from periodic arrays of conducting ele-
ments, the size and spacing of which are much less than the
wavelengths of interest. The shape of the repeated conduct-
ing element determines the electromagnetic response of the
collective, which can be approximated as having an electric
[6] or a magnetid7,8] resonance. Application of effective-
medium theory to the overall periodically patterned compos-
ite allows a description in terms of bulk isotropic or aniso-
tropic e and .

The split ring resonatdiSRR), shown in the insets to Fig.

1, has become commonplace as the repeated element in
metamaterials that exhibit magnetic properties. A single SRR

responds to electromagnetic fields in a manner analogous to Piaas Adivaincai(deg)
?esrjg)?)%gzt_ch ?;%gi’urﬁxgz)t;gg]c?ss dr%ioggﬂgc;?czglllr;/eggs?tli% cr)llgé FIG. 1. Simulated dispersion curves for SRRs. The thicker black

. - .~ curve pair(including an upper and lower branchorresponds to
SRRs can be approximately Ch_aractenzed by the fOHOW'ngSRRs on a flat substratgower insel. The open circles indicate
frequency-dependent permeabiljty

simulated phase advances. Subsequent pairs of curves correspond to
cases in which the substrate has been removed around the SRR
(upper inset The depth of cut increases bysn between each set
*Email address: drsmith@ee.duke.edu of curves.
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The effective permittivitys, of the SRR medium has been at w; with a phase advance of 180°. The next branch begins
shown to also be dispersive as a function of frequeitdy  at a frequencyw,,=w,/\1-F [7]. The propagation constant
however, this frequency-dependent behavior is minor at frek can be found fronk=¢/d, whered is the size of the unit
quencies far away from the resonance, and approaches a caell.
stant in the limit of small cell size. Thus, we approximate The resonant frequency of an SRR, depends rather
here the permittivity as a constant over frequency. sensitively on the geometrical parameters and local dielectric
We note that the SRR is actually a more complicatedenvironment for the SRR7]. Since w(w) depends strongly
structure than our approximations would indicate, in that iton w, [Eq. (1)], we see that relatively small changes to the
inherently exhibits a coupled electric-magnetic response. Theasic repeated unit cell can result in substantial changes to
composite medium of SRRs is thus bianisotropic, generallthe permeability of the composite, especially near the reso-
requiring more parameters than just thandu tensor com-  nance. The change in indeXw)=/e(w)u(w) with change
ponents that we make use of hdgd]. However, for our in resonant frequency can be calculated using &y. For
restricted choice of polarization and propagation directiorconvenience, we neglect damping; we alsosget =1 as the
relative to the SRR axis, those cross-coupling componentgrimary role of the permittivity over the frequency band of
are negligible and we are justified in describing the systenjnterest will be to rescale the dispersion curves. At low fre-

with the two components specifi¢@i0-12. quencies(w<w,), the index changes linearly with small
In the recent work to date, metamaterials have been conshanges in the resonance frequency, or

structed from repeated unit cells containing identical ele-

ments, such that the resulting medium can be considered w?

homogeneous in the sense that the averaged electromagnetic An~-—5Aar, 2)
wr

response does not vary over the structure. However, metama- ) ) ) )

terials whose averaged electromagnetic properties vary asvéhereas in the high-frequency linfio> o), we find

function of position can also be fabricated. Such materials o

are of interest, for example, as they can be utilized in a An~-—Aw,. (3)

variety of applications, including lensing and filtering. Here w

we present a metamaterial based on SRRs, in which a spassumingAw,/w, <1 and ignoring higher-order terms, we

tially varying refractive index can be introduced by a slightsee that, for the model system described by @&j.the gra-

change in the properties of each successive element alongugnt increases as the square of the frequencyfaiw, and

direction perpendicular to the direction of propagation. Wegecreases as the inverse of the square of the frequency for
choose the parameters of the medium such that a relativelys. ,

constant gradient in the index occurs along one axis of the There are a variety of modifications to the SRR or its
metamaterial. The gradient is confirmed by beam deflectioRnvironment that can be used to introduce a variatiom,in
experiments. o i The method we apply here is to adjust the depth of cut of the
While an SRR medium is known to have a predominantlygielectric substrate material surrounding the SRR. This
magnetic response, Fhis is not of direct interest here; rathepethod is compatible with our sample fabrication, in which
we are concerned with the phase advance of a wave prop&rRs are patterned on copper clad circuit boards using a
gating within the medium. For an isotropic medium, the re-nymerically controlled micromilling machin@escribed be-
fractive indexn(w) provides this information, with the phase |q\). The removal of dielectric material from the region near
advance over a distanag being nkd For the anisotropic the SRR(e~ 3.8 for FR4 circuit boardchanges the local
SRR medium, we can apply the usual isotropic definitiongjelectric environment of the SRR, effecting a change in the
anyway,n(w) =ye(w)u(w), with u(w) given by Eq.(1) and  resonance frequency.
e(w) approximated as constant. This provides the correct |n Fig. 1, we present several dispersion curves corre-
equivalent refractive index provided that the polarization issponding to SRR composites for various depths of substrate
restricted as described above. The dispersion relation famhaterial around the SRR. The depth of substrate differs by
these modes i&=ck/n(w), which can be compared directly 6 um between successive dispersion curves. Figure 1 shows
with that obtained from a numerical solution of Maxwell’'s that w, shifts approximateljinearly and monotonically with
equations for a single unit cell. To obtain the dispersion diaincreasing depth of cut, up to 36 in depth. Further simula-
gram numerically, we compute the eigenfrequencies for aions, as well as the experimental results shown later, show
single unit cell(Fig. 1, inse}, applying periodic boundary the approximate linearity is valid to 24&m.
conditions with zero phase advance in directions perpendicu- Because the SRR exhibits a resonant frequencyhat
lar to the propagation direction, and periodic boundary conincreases linearly as a function of the substrate cut depth, it is
ditions with various phase advances in the propagation direa convenient element from which to design a gradient index
tion. The simulations are performed using a commerciaimetamaterial. In particular, if we form a metamaterial com-
finite-element based electromagnetic sol4@FSS, Ansoft.  prising a linear array of SRRs in which the substrate cut
The resulting dispersion diagram, shown as the frequencgepth advances linearly as a function of cell numhbagyill
versus the phase advangeacross a unit celfblack curvg,  then also advance linearly as a function of cell number; that
reveals the expected resonant form. Specifically, there arng, w, becomes linearly proportional to distance. Using this
two branches of propagating modes separated by a frequeneglationship in Eqs(2) and (3), we see that the gradient of
band gap. The lower branch starts at zero frequency and engise index will thus be approximately constant as a function
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FIG. 3. Frequency vs phase difference per unit cell for the SRR
- material shown in Fig. 1, in which each successive cell differs by a
X X*+AX 6 wm depth of cut.

FIG. 2. Diagram showing the deflection of a wave by a structure i ) L )
whose refractive index possesses a gradient that is constant. Shdgdex metamaterial slab one unit cell thick in the propagation
ing of the sample indicates the gradient in the index: lighter shadinglirection. The resulting plot of phase advance as a function
corresponds to a lower index value. of frequency, obtained from the dispersion curve in Fig. 1, is

shown in Fig. 3.

of distance, at least for frequencies far enough away fiom The curve in Fig. 3 i; useful for calculafcing Qeflection
ngles only for frequencies where the gradient is constant,

A constant gradient metamaterial can be experimentally™ = ) A .
g P %/hlch can be determined, for example, by analyzing the dif-

confirmed by observing the deflection of a beam incident o . ; .
a planar metamaterial slab whose index varies lineénlya erences between several of the dispersion curves of Flg_. 1.
Furthermore, near the resonant frequency on the low side,

direction perpendicular to incident radiatjorTo calculate he ab . lead . ; | di

this deflection, we consider two normally incident but offsetN€ absorption resonance leads to a region of anomalous dis-

rays entering a gradient index planar siab of thickress persion where the simulation resu(tshich do not take into
_account lossgsare not valid. An additional complicating fac-

shown in Fig. 2. The rays will acquire different phase ad , ; o :
vances as they propagate through the slab. Assuming the wigr is that the analyzed structure is periodic, so that higher-

rays enter at locations andx+Ax along the slab face, then Order bands exist at frequencies greater tathat are not

the acquired phase difference of the two beams traversing th%e;cribed by Eq(1). Ne_vertheless, Fig. 3 provides an iqdi-
slab, cation that at frequencies above the band gap, per unit cell

phase shifts of one degree or more should be obtainable from
4) an SRR slab, one unit cell in thickness, in which each suc-
cessive cell has an additional8n of substrate dielectric

removed relative to the previous cell.
must equal the phase advance across the path length markedyq tapricate the gradient index metamaterial samples, a

d
D(x+ AX) = B(X) ~ KD AX,
dx

L in Fig. 2. We thus have numerically controlled micromilling machin@rotoMat 100,
) dn  dnde,dé from LPKF, Oregonwas used to fabricate many short strips
sin(6) ~ tax~ Yo ds dx’ ()  of SRRs, three or five unit cells in length. Single-sided
r

copper-clad circuit board substrates were uge®4, dielec-

which shows that for a material with a constant spatial gratric constant of 3.8, copper thickness of 0.017 )mithe unit
dient in index, the beam is uniformly deflected. Hes&) is  cell for an individual SRR was 5.0 mm by 3.33 mm, with
the depth of cut as a function of distance along the slab. Thithree SRRs patterned in the vertical direction such that the
simplified analysis applies strictly to thin samples, as thestrips were 10 mm in height. The SRR design had identical
phase fronts will otherwise not be uniform within the mate- parameters to those reported[it3]. For a typical sample,
rial. Note that®(x) is the phase shift across a slab of arbi- SRRs could be patterned by adjusting the tool bit to a depth
trary thickness. If the slab is one unit cell in thickness, thenust below the copper cladding level and removing all sur-
for the SRR cell the phase shift will bg as defined earlier. rounding material that is not part of the SRR design.

In order to construct a constant gradient index metamate- To form the gradient index structure, the milling machine
rial, the above analysis suggests that we form a linear arratpol bit was lowered by two steps, e¥r6 um, between the
of SRRs, in which the substrate depth is a linearly increasingnilling of successive strips. Strips were fabricated in this
function of cell number in the direction perpendicular to themanner until the tool bit depth was nearly equal to the sub-
propagation. The resulting array should then deflect an incistrate thicknes€.25 mm). The strips were then cut out from
dent beam by an angle that can be predicted by the dispethe surrounding FR4 substrate and slotted for assembly. The
sion diagrams in Fig. 1. To estimate this angle of deflectionprocess produced-35-40 SRR strips, each having SRRs
we can take the difference between any two of the curves iwith a surrounding substrate thickness that ranged from
Fig. 1 to find the gradient of the phase shift per unit cell. The~0.250 mm to~0 mm in steps of Gum. Samples with
phase shift per unit cell is proportional to the sine of thestrips of either three or five unit cell lengths in the propaga-
beam deflection angle that will be produced by a gradiention direction were fabricated, and composite metamaterials
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FIG. 4. A schematic depiction, as viewed from the top, of the 16 1
gradient index metamaterial sample. The sample consists of circuit
board strips containing patterned SRRs. The electric field is out of 15 |
the plane of the figure, while the incident magnetic field is directed
along the axes of the SRRs. The SRR positions are indicated by the ol
darker lines in the figure, with the circuit board strips indicated by |
lighter gray lines. 513'
Qo
assembled with roughly 40 strigsf three or five unit cell 1
lengths spaced one unit cell widttb mm) apart. The strips
were held together by slotted FR4 cross pieces from which o
all copper had been removed in a wine-crate assembly. The
sample construction is indicated schematically in Fig. 4. 1wl y
The resonance frequency of each individual SRR strip 9 60 30 0 30 60 90
was measured in an angular resolved microwave spectrom- 0 [degrees]
eter (ARMS) described previouslj14]. The measured reso-
nance frequencies of each stfigf the three-cell-thick SRR FIG. 6. Angular maps vs frequency of the power emerging from

slab versus the depth of cut are plotted in Fig. 5, where thga) an SRR sample, five unit cells in thickness, with no index gra-

linearity of the fabrication process is confirmed. The nominaldient and(b) an SRR sample, eight unit cells in thickness, with

difference in substrate thickness between subsequent millinignear gradient in the direction transverse to the incoming beam.

passes was @m. Note that at two depths there are breaksThe gray curve superimposed summarizes the peak power at each

from the linearity; these deviations from linearity coincide frequency.

with tool bit changes on the milling machine, indicating

some lack of reproducibility in repositioning the mill at the the ARMS apparatus. To confirm the gradient in the sample,

nominal zero cut depth position. The resulting linearity, how-a microwave beam was directed normally onto the face of

ever, proved to be sufficient for the deflection experiment. the samplgas in Fig. 2, and the power detected as a func-
The composite gradient index samples were measured ifion of angle at a radius 40 cm away. As in previous mea-

surements on metamaterial samples, the experiment was car-

T T . - ried out in a planar waveguide—an effectively two-
o* dimensional geometry in which the electric field is polarized
':?13'5 i s’ 7 between two conductin@aluminum plates[14].
5 In Fig. 6, we present a map of the transmitted power
> .e® versus angle of detection, as a function of the frequency of
§ Hr ...-'“” 7 the incident microwave beam. Two samples are compared in
g o* the figure: Fig. €8 shows a control sample consisting of a
L§ five-cell-deep SRR metamaterial, where each SRR strip is
2 125 [ 7 identical(no gradient The plot in Fig. §a) shows transmis-
s o sion at frequencies corresponding to pass bands, and a fre-
4 o guency region of attenuation corresponding to where the per-
@ 12 o 7 meability is negative. As can be seen from the figure, the
@ S microwave beam exits the sample without deflection, cen-
s . ' . . . tered qbout zero degrees.
5 50 100 150 - In Fig. 6(b), we present the results of a measurement on

an eight-cell-thick(in propagation directiongradient index

sample, formed by combining the three- and five-cell
FIG. 5. Resonant frequency vs substrate depth for the machinesamples together. The angular deviation is evident in the fig-

SRR samples. ure, especially at the high-frequency side of the gap region,

Depth of cut around split rings (um)
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T T T by an angle adjustable by design. We find it convenient to

] work with the SRR system, as the properties of SRRs are
now well established. In particular, the resonance frequency
of the SRR is relatively easy to identify, can be easily tuned
by slightly modifying the parameters of the unit cell, and can
be used to roughly parametrize the entire frequency depen-
dence of the SRR. While not the only method for introducing
a gradient, the gradient index SRR structure shows the fea-
sibility of creating yet another unique type of metamaterial
by combining macroscopic elements.

An evident application of the gradient index metamaterial
is in gradient index lenses. A paraboli&s opposed to linear
distribution of index in the slab along an axis perpendicular
to the direction of wave propagation results in a structure
that focuses radiation rather than deflectingLi]. Common
examples of such gradient index lenses include radial gradi-

FIG. 7. Measured angle of deflectidblack circle$ of a gradi- ent index rod lenses, Use‘?' at optical frequ'enC|es, "’.‘“d
ent index SRR slab, eight unit cells in thickness. The gray curved-uneberg lenses, used at microwave frequencies. Gradient
are taken from those shown in Fig. 3, but have been translated iffdex rod lenses use optical glass materials that are ion-

frequency so that the calculated and the measured band-gap regig@ped via t_he_rma| diffusion. Th_is process can produce only
overlap. modest variations of the refractive indérss than 0.2 and

o _ _ is limited to fairly small diameter roddess than 1 cin[16].
where a characteristic tail can be seen in agreement with thgfuneberg spherical or hemispherical lenses, which require
predicted in Fig. 3. The qualitative aspects of the curve are ifhe fairly wide index range oh=1 ton=2, can be imple-
agreement with the theory and simulations above, except th@fented as stepped index devices with no particular size limi-
there is weaker evidence of deflection on the low-frequencyation [15]. Both devices employ gradients in the dielectric
side of the gap. This lack of symmetry, however, is expectedyermittivity only, and thus have limited impedance matching
as the lower-frequency side corresponds to the resonancg, the surrounding media.
where the absorptiofneglected in the dispersion diagrams  Gradient index metamaterials may provide a useful alter-

is strongest. native approach to the development of optics. The advan-

A detailed comparison of the measured and calculategqges of both traditional and planar lenses formed from arti-
angle of deflection versus frequency is shown in Fig. 7 forﬁcia"y patterned media, for example, have been
the eight-cell-thick gradient index metamaterial. The curvejemonstrated at radio and microwave frequenici@ With
correspond to the gradient determined from Fig. 3, while thene increased range of material response now identified in
black circles are measured points. A frequency translatiometamaterials, including negative refractive index, consider-
was applied to the dispersion curve to make the calculategply more flexibility and improved performance from such
band gap coincident with the band gap measured in the agteyices should be possibig]. Gradient index metamateri-
tual structure; no other fitting or adjustments were per-is that include magnetic permeability gradients, for ex-
formed. The excellent agreement shown in Fig. 7 attests tﬁmple, could be used to develop materials whose index var-
the precision of the fabrication process, as illustrated in Figjeg spatially but which remains matched to free space.
5. The agreement also provides evidence that even a singiioreover, with the recent demonstration of SRRs at THz

unit cell can be described as having a well-defined refractivgequencieqd19], the gradient index metamaterial should be
index, since the interpretation of this effect depends on gegjizable at higher frequencies.

refractive index that varies controllably from cell to cell

within the structure. This work was supported by DARPA, through an ONR
Figures 6 and 7 show the practicality of designed spatialyMURI (Contract No. N0O0014-01-1-08R3A.F.S. and D.R.S.

dispersive structures. In this case, a linear gradient has beaiso acknowledge support from DARPA through ARCon-

introduced that has the effect of uniformly deflecting a beantract No. DAAD19-00-1-052b
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